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Abstract
In this paper, we study the Laplacian spectral radius of trees on n vertices with domination number
γ , where n = kγ, k  2 is an integer, and determine the extremal trees that attain the minimal Laplacian
spectral radius when γ = 2, 3, 4.
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1. Introduction
Let G = (V ,E) be a simple connected graph on vertex set V and edge set E. The order
of a graph is the cardinality of its vertex set. The matrix L(G) = D(G) − A(G) is called the
Laplacian matrix of graph G, where D(G) = diag(du, u ∈ V ) is the diagonal matrix of vertex
degrees of G and A(G) is the adjacency matrix of G. The eigenvalues of L(G) are called the
Laplacian eigenvalues and denoted by λ1  λ2  · · ·  λn = 0. In particular, λ1 is called the
 Supported by National Natural Science Foundation of China (Nos. 10371075 and 10531070).
∗ Corresponding author. Address: Department of Mathematics, Shanghai Jiao Tong University, 800 Dongchuan Road,
Shanghai 200240, PR China.
E-mail addresses: lihuafeng@sjtu.edu.cn (L. Feng), yuguihai@126.com (G. Yu), qiaoli@sjtu.edu.cn (Q. Li).
0024-3795/$ - see front matter ( 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.laa.2006.06.008
L. Feng et al. / Linear Algebra and its Applications 419 (2006) 648–655 649
Laplacian spectral radius of G; λn−1 is called the algebraic connectivity of G. For background
on the Laplacian eigenvalues of a graph, the reader is referred to [7,9] and the references therein.
For a connected graph G, let Q(G) = D(G) + A(G), we call this matrix Q-matrix; its largest
eigenvalue is denoted by µ(G) or µ for simplicity. It is well known that Q(G) is irreducible,
entrywise nonnegative and positive definite, so from the Perron–Frobenius theorem, there is a
unique positive eigenvector corresponding to µ. We call this eigenvector principal eigenvector.
Let G be a simple connected graph. A pendent vertex is a vertex of degree one. A subset S
of V is called a dominating set of G if for every vertex v ∈ V − S, there exists a vertex u ∈ S,
such that v is adjacent to u. A vertex in the dominating set is called dominating vertex. For a
dominating vertex u, the set of vertices dominated by u is N [u] = N(u) ∪ {u}, where N(u) is the
set of neighbors of u. The domination number of G, denoted by γ (G), is the minimum cardinality
of a dominating set of G.
We need the following definition. The corona of two graphs G1 and G2, introduced in [4], is
the graph G = G1 ◦ G2 formed from one copy of G1 and |V (G1)| copies of G2 where the ith
vertex of G1 is adjacent to every vertex in the ith copy of G2. The corona H ◦ K1, for example,
is the graph constructed from a copy of H , where for each vertex v ∈ V (H), a new vertex v′
and a pendent edge vv′ are added. Obviously, H ◦ K1 has even order. For a graph G having no
isolated vertices, Ore [10] got that γ (G)  n2 . The equality case was characterized independently
in [3,12,14] (see also [5, p. 42, Theorem 2.2]). For other notation and terminology in domination
theory, the reader is referred to [5]; for others in graph theory, we follow [2].
In [15], Zhang investigated the relation between the Laplacian spectral radius and the inde-
pendence number of a tree. In this paper, we will give some results on the relation between the
Laplacian spectral radius and the domination number of a tree. Let K1,m denote the star on m + 1
vertices. If n−12 < m  n − 1, then Tn,m is the tree created from K1,m by adding a pendant edge
to each of n − m − 1 of the the pendant vertices of K1,m. Clearly, if n  3, then the domination
number of Tn,m is n − m. By modifying the proof of [15], we can get the following result.
Theorem 1.1. Of all trees on n vertices with domination number γ, the maximal Laplacian
spectral radius is achieved uniquely at Tn,n−γ .
In this paper, we focus on the lower bound of the Laplacian spectral radius of trees on n vertices
with domination number γ , where n = kγ, k  2 is an integer. Precisely, for n = kγ, k  2, k ∈
N , we consider the following set of trees:
Tn,γ = {T : |V (T )| = n, γ (T ) = γ }.
A natural question to ask is: How do we determine the trees in Tn,γ that have the minimal
Laplacian spectral radius? In this paper, we mainly discuss this question.
2. Lemmas and results
2.1. Some lemmas
The following lemma is a special case in [3,12,14].
Lemma 2.1. A tree T of order n with domination number γ satisfies γ = n2 (for n even) if and
only if there exists a tree H of order γ = n2 such that T = H ◦ K1.
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Lemma 2.2 [13]. For a connected graph G, we have λ1(G)  µ(G), with equality if and only if
G is bipartite.
Lemma 2.3 [16]. Let G be a graph of order n with at least one edge, and the maximum degree
of G is , then λ1(G)  + 1. Moreover, if G is connected, the equality holds if and only if
 = n − 1.
Lemma 2.4 [8,11]. If G is a connected graph, then λ1(G)  max{dv + mv|v ∈ V (G)}, with
equality holding if and only if G is either a regular bipartite graph or a semiregular bipartite
graph.
Lemma 2.5 [1]. The increase of any element of a nonnegative matrix A does not decrease the
maximum eigenvalue. If A is irreducible, then the maximum eigenvalue is strictly increasing in
each entry of A. In particular, for the Q-matrix of a connected graph, its maximum eigenvalue
is strictly increasing in each entry.
Lemma 2.6 [6]. LetGbe a connected bipartite graph andµ(G)be the spectral radius ofQ(G).Let
u, v be two vertices of G and dv be the degree of v, suppose v1, v2, . . . , vs ∈ N(v) \ N(u)(1 
s  dv), where v1, v2, . . . , vs are different from u. Let X = (x1, x2, . . . , xn) be the principal
eigenvector of Q(G), where xi corresponds to vi(1  i  n). Let G∗ be the graph obtained
from G by deleting the edges (v, vi) and adding the edges (u, vi), 1  i  s. If xu  xv, then
µ(G) < µ(G∗).
2.2. The case when n = 2γ
Theorem 2.7. Of all trees of order n with domination number γ = n2 , the tree P ∗ = Pγ ◦ K1 has
the minimal Laplacian spectral radius.
Proof. By Lemma 2.1, a tree T satisfies γ = n2 if and only if T = H ◦ K1 for some tree H on n2
vertices. For any such H, L(H ◦ K1) can be written as(
L(H) + I −I
−I I
)
.
It follows readily that the maximum eigenvalue of(
λ1(H) + 1 −1
−1 1
)
is the Laplacian spectral radius of H ◦ K1. Hence the Laplacian spectral radius of H ◦ K1 is
increasing in λ1(H), so the result follows since H = Pγ minimizes the Laplacian spectral radius
over trees on γ vertices. 
2.3. The case when n = kγ, k ∈ N, k  3
It is well known that, over all connected graphs of order n the path has the minimal Laplacian
spectral radius, so for trees of order n = 3γ , the path P3γ has the minimal Laplacian spectral
radius, since P3γ has domination number γ . In the following we assume k  4.
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We need the tree described below: take a path with 3γ vertices and a set W of n − 3γ vertices,
n = kγ, k  4. Join the 2nd, 5th, 8th, etc. vertex of the path to n−3γ
γ
= n
γ
− 3 vertices of W in
such a way that the resulting tree is T ∗. Clearly, T ∗ has n = kγ vertices with domination number
γ , maximum degree n
γ
− 1 and diameter 3γ . In the rest of this paper, we mainly discuss the
following problem and verify it for small γ .
Conjecture 2.8. For any tree T ∈Tn,γ , λ1(T )  λ1(T ∗), the equality holds if and only if
T ∼= T ∗.
Let S = {v1, v2, . . . , vγ } be a dominating set of T ∈Tn,γ with cardinality γ . For any domi-
nating vertex, say vi , in S, let
d = min{d(vi, vj )|vj ∈ S, i /= j}.
The following theorem is fundamental in our discussion.
Theorem 2.9. Let T be a tree of order n = kγ, k  4. If T has the minimal Laplacian spectral
radius, then there exists a dominating set S such that all the vertices in S are of degree n
γ
− 1.
Moreover d = 3.
Proof. Consider the tree T ∗ whose order equals to T ; by Lemmas 2.3 and 2.4, we have
n
γ
< λ1(T
∗) < n
γ
+ 1.
If a tree T ∈Tn,γ has minimal Laplacian spectral radius with maximum degree at least nγ , then
by Lemma 2.3, λ1(T )  nγ + 1 > λ1(T ∗), a contradiction. Hence  nγ − 1. On the other hand,
every dominating vertex in T dominates at most + 1 vertices, hence γ  n1+ , or   nγ − 1,
so we have
 = n
γ
− 1.
At the same time, there exists a dominating set S such that for any two different vertices
u, v ∈ S, N [u] ∩ N [v] = ∅, where N [u] = N(u) ∪ {u}, and for any u ∈ S, |N(u)| = . That
is to say, all the dominating vertices have the same degree and d = 3. This completes
the proof. 
From Theorem 2.9, we consider in the following the set 	 of trees that satisfy: (i) All the dom-
inating vertices have degree  = n
γ
− 1, (ii) d = 3. We call these trees special trees. Obviously,
T ∗ ∈ 	.
When γ = 2 or γ = 3, the special trees of order kγ , k  4, are shown in Fig. 1. For Tb,
consider its Q-matrix and the corresponding principal eigenvector. From symmetry, we know u
and v have equal eigencomponents. By Lemma 2.6 and Theorem 2.9, we have λ1(Tb) = µ(Tb) <
µ(Tc) = λ1(Tc). Hence T ∗(γ = 2) or T ∗(γ = 3) has the minimal Laplacian spectral radius in
this case.
For γ = 4, there are only six special trees as shown in Fig. 2. In the following, we will see
Conjecture 2.8 is true for γ = 4. In general, we first estimate the Laplacian spectral radius of T ∗
for any γ  4.
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Fig. 1. Special trees with γ = 2, 3.
Theorem 2.10. Suppose T ∗ and S1 have maximum degree  = nγ − 1. Then λ1(T ∗) < λ1(S1).
Proof. Connecting a pair of vertices at maximum distance inT ∗, we get a new symmetric graphG.
By Lemmas 2.2 and 2.5, λ1(T ∗) = µ(T ∗) < µ(G). Consider the Q-matrix of G and suppose that
X is the principal eigenvector corresponding to µ(G). Label the eigencomponents corresponding
to the vertices of degrees 1,, 2 by x1, x2, x3, respectively.
From µ(G)X = (D + A)X, we have
µ(G)x1 =x1 + x2,
µ(G)x2 =x2 + 2x3 + (− 2)x1,
µ(G)x3 =2x3 + x2 + x3.
Simplifying the above three equations, we can get that the Laplacian spectral radius of T ∗ satisfies
λ1(T ∗) < µ(G) = r1, where r1 is the largest root of equation
x −  = 2
x − 3 +
− 2
x − 1 . (a)
Now we consider S1. Let X be the principal eigenvector of µ(S1) = λ1(S1); the eigencompo-
nents corresponding to some vertices are as showed in Fig. 2. From µ(S1)X = (D + A)X, we
have
µ(S1)x1 =x1 + x2,
µ(S1)x2 =x2 + x3 + (− 1)x1,
µ(S1)x3 =2x3 + x2 + x4,
Fig. 2. Special trees of order 4k, k  4 with γ = 4.
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µ(S1)x4 =2x4 + x3 + x5,
µ(S1)x5 =x5 + 3x4 + (− 3)x6,
µ(S1)x6 =x6 + x5.
Simplifying the above equations, we can get that the Laplacian spectral radius of S1 satisfies
λ1(S1) = µ(S1) = r2, where r2 is the largest root of the equation
x − 2 − 1
x − 2 − 1
x−− −1
x−1


(
x − − − 3
x − 1
)
− 3 = 0. (b)
It is easy to see that the roots of equation (a) are also roots of equation (b). In fact, by Eq. (a), let
x − − − 3
x − 1 =
2
x − 3 +
1
x − 1 ,
x − − − 1
x − 1 =
2
x − 3 −
1
x − 1 .
Substituting these two relations to Eq. (b), we can get the result. So we conclude that r1  r2.
Thus
λ1(T
∗) < µ(G)  µ(S1) = λ1(S1).
The proof is completed. 
By Lemma 2.3, we know λ1(T ∗) > + 1, and substituting this into Eq. (a), we can get
Corollary 2.11. The Laplacian spectral radius of T ∗ satisfies
+ 1 < λ1(T ∗) < + 1 + 4
(− 2) ,
where  = n
γ
− 1.
Theorem 2.12. Of all trees of order 4k, k  4, with domination number γ = 4, the tree T ∗(γ =
4) has the minimal Laplacian spectral radius.
Proof. From Theorem 2.9, we just need to consider the special trees with γ = 4. There are only
6 special trees as shown in Fig. 2. First, by Theorem 2.10, we have λ1(T ∗(γ = 4)) < λ(S1).
For S1, as is said in Theorem 2.10, x4 = x7 = x8. By Lemma 2.6 for x4, x7, we have λ1(S1) <
λ1(S2) and for two pairs x4, x7 and x4, x8 at the same time, we have λ1(S1) < λ1(S3).
For T ∗(γ = 4), let X be the principal eigenvector of µ = µ(T ∗(γ = 4)) = λ1(T ∗(γ = 4))
and denote the eigencomponents corresponding to u, v,w, 1, 2, shown in Fig. 2, by xu, xv, xw,
x1, x2, respectively. Since T ∗(γ = 4) is symmetric, xw = xu. From QX = µX, we have
µxu = 2xu + xw + x1,
µx1 = x1 + xv + xu + (− 2)x2,
µx2 = x2 + x1.
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Simplifying the above equations, we have
(µ − 3)
(
µ − − − 2
µ − 1 −
1
µ − 3
)
xu = xv.
We claim that
(µ − 3)
(
µ − − − 2
µ − 1 −
1
µ − 3
)
< 1.
To see the claim, let
f (x) = (x − 3)
(
x − − − 2
x − 1 −
1
x − 3
)
.
From the proof of Theorem 2.10, µ < r1, where r1 is the largest root of equation (a). It is easy
to see that f (x) is strictly increasing with respect to x > + 1. So f (µ) < f (r1). By Eq. (a),
we have
r1 − − − 2
r1 − 1 =
2
r1 − 3 .
Taking this into f (r1), we have f (r1) = 1, so f (µ) < f (r1) = 1, as claimed. Hence xu > xv .
By Lemma 2.6 for u, v, we have λ1(T ∗(γ = 4)) < λ1(S5).
A similar argument shows that xw > xz. By Lemma 2.6 for two pairs u, v and w, z at the same
time, we have λ1(T ∗(γ = 4)) < λ1(S4). So we complete the proof. 
As an application of the above result, we get the following:
Corollary 2.13. Let T ∈ 	 be a special tree of order n = kγ, k  4 with domination number γ.
If T /= T ∗ and T contains a subgraph isomorphic to Si(i = 1, 2, 3), then λ1(T ) > λ1(T ∗).
Proof. From Theorems 2.10 and 2.12, we get the result. 
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